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Summary of this talk

1. Spectral geometry

2. Spectrally truncated geometry
3. Weyl laws

4. Quantum ergodicity

This talk is based on joint work with Oliver Flrst (Bonn), Malte
Leimbach (Bonn) and Edward McDonald (Bonn/Paris).



Part 1: Spectral geometry



Spectral geometry

Can one hear the shape of a drum?

Figure 1: Mark Kac, Center for Nonlinear Studies.



What we can hear

Weyl's law (Weyl 1910s, Duistermaat-Guillemin 1975, Ivrii 1980)
Let ([0; 0) be a compact Riemannian manifold of dimension [
satisfying some assumptions. Let O(0) be the number of

eigenvalues (counting multiplicities) of 7 with absolute value less
than 0. Thenas ¥ A1
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What we can hear 2

Heat trace expansion (Minakshisundaram-Pleijel 1949)
We have
X oo
O0(exp(@ 1) Og( )iz ; 01O
0=0
the first coefficients of which can be given as

Do o) =(4 ) %Vol&m:

i}

(9= g6)f 00

where [ is the scalar curvature of 0. The coefficients Oz( ) vanish
for odd 0, and the higher coeffients O5( ) are integrals over [0 of
(complicated) expressions involving the metric of O.



What we cannot hear
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Figure 2: Isospectral drums.



Gelfand duality

The Laplace-Beltrami operator pis intimately connected to the
geometry on [, but does not allow us to reconstruct [0 as a
geometric space.



Gelfand duality

The Laplace-Beltrami operator pis intimately connected to the
geometry on [, but does not allow us to reconstruct [0 as a
geometric space.

This changes if we add 0(0) to the mix, which contains the topology
of 0.



A spectral invariant

The data (0(O); 0,(d); p) is an invariant for 0.



A spectral invariant

The data (0(O); 0,(d); p) is an invariant for 0.

Theorem (follows from Arendt-Biegert-ter Elst 2012)

Let (O04; 0;7) and (O,; 0;) be connected compact Riemannian

manifolds, with corresponding Laplace-Beltrami operators 1 and
». Then the following are equivalent:

1. the Riemannian manifolds (C0q; 0;) and (0y; ;) are isometric;

2. there exists a unital -isomorphism :0(00;) ¥ 0(0,) and a
unitary operator 0 : 0,(004) ¥ 0,(0,) such that

00,=0 O0; 020(0)
o 4,= ,0O



Reconstruction theorem

We can do even better if we replace 0(0) by 0%(0), and replace
by its square root g, a Dirac operator.

Connes’ reconstruction theorem (2013)
Let (A; H; D) be such that:

1. H is a Hilbert space;

2. Ais a commutative -algebra represented as bounded
operators on H;

3. Ois a self-adjoint operator on H with compact resolvent;
4. [0; 0] extends to a bounded operator for all 0 2 A
5. a couple more technical assumptions.

Then we can construct 0 ¥ O such that
(A;H;0) ~ (01(0); 0,(0;0); Og), where Oy is the Dirac operator on
the spinor bundle 0 ¥ 1.



Noncommutative geometry

It therefore makes sense to interpret 00000000 0000000 (A; H; O) as
noncommutative spaces.

Definition (spectral triple)
A spectral triple is a triple (A; H; O) such that:

1. H is a Hilbert space;

2. Alisa -algebra represented as bounded operators on H;
3. Ois a self-adjoint operator on H with compact resolvent;
4. [0; 0] extends to a bounded operator for all 0 2 A



Connes’ distance formula

For a manifold (O; D),

Oo(G;0) = sup (@) 0Oj:jrh g
1201(0)



Connes’ distance formula

For a manifold (0J; ),
Uo@OD = sup FiI@ 0@j:jrl g
[120-(0)

Noting that 0 @ 01(0) is a 00000 on 0%&(0O) (positive linear functional of
norm 1), we can naturally this definition to all states S(0(0)):
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1201(0)



Connes’ distance formula

For a manifold (0J; ),
Uo@OD = sup FiI@ 0@j:jrl g
[120-(0)

Noting that 0 @ 01(0) is a 00000 on 0%&(0O) (positive linear functional of
norm 1), we can naturally this definition to all states S(0(0)):

0C; ):= sup §§ O @i:jrl 1g; ; 2s@OHO)):
1201(0)

Finally, Connes extended this distance to spectral triples (A; H; 0):

Oo( ):=§ggfj @  @j:kO:0k g5 5 2S(A):



Part 2: Spectrally truncated
geometry




Realistic spectral geometry

Even if we regard Connes’ reconstruction theorem as an answer to
Kac's question, many questions remain.
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Realistic spectral geometry

Even if we regard Connes’ reconstruction theorem as an answer to
Kac's question, many questions remain.

Realistically, we will only ever be able to access a finite-dimensional
truncation of a spectral triple (A; H; 0). How much geometry is
retained?
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Truncated Spectral Triples

Taking a spectral triple (A;H; 0) and a projection [, we can smash
everything down to (DAD; OH; 00). For example, by taking 0 := (D)
a finite-rank spectral projection. (First studies by
D'Andrea-Lizzi-Martinetti, comprehensive framework by Connes-van
Suijlekom.)
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Truncated Spectral Triples

Taking a spectral triple (A;H; 0) and a projection [, we can smash
everything down to (DAD; OH; 00). For example, by taking 0 := (D)
a finite-rank spectral projection. (First studies by
D'Andrea-Lizzi-Martinetti, comprehensive framework by Connes-van
Suijlekom.)

Note that OAD is no longer an algebra: it is in general not closed
under products. Instead, it is an 00000000 000000,

The game is now to see what properties of (A;H; 0) can be recovered
from the operator system spectral triple (DAD; OH;00) as 0 ™ 1.



Truncated state spaces

An operator system isa -closed unital subspace of O(H). As such,
we can again define the state space as the positive linear functionals
of norm 1.
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of norm 1.
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Truncated state spaces

An operator system isa -closed unital subspace of O(H). As such,
we can again define the state space as the positive linear functionals
of norm 1.

Hence, for (DAQ; OH; 00), we can put an extended metric on S(OAD)
by setting

Ooa( 5 )= jgtjlgjfj (@ (@i kOo;0k  1g; ;2 S(OAD):

We thus have two (extended) metric spaces (S(A); Og) and
(S(OAD); On). When do we have (Gromov-Hausdorff?) convergence
as0"™1?



Part 3: Weyl laws




Microlocal Weyl law

Weyl's law gives for a compact Riemannian manifold (J; 0), where
0 = [o; ]( ),
00 ) Oovol(@) z; ¥ A
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Microlocal Weyl law

Weyl's law gives for a compact Riemannian manifold (J; 0), where
0 = [o; ]( ),
00 ) Oovol(@) z; ¥ A
There exists a 0000 version of Weyl's law, which gives for 12 0%(0);
Z

>4 )
000 00 )= hlg;O0gi Op ¢ 004 ¥ A
0=0 &
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Microlocal Weyl law

Weyl's law gives for a compact Riemannian manifold (J; 0), where

0 = [o; ]( ),
00 ) Oovol(@) z; ¥ A
There exists a 0000 version of Weyl's law, which gives for 12 0%(0);
B Y L
oo 00 )= hOg;Op0gi Og = 00 g L e I
0=0 o
Or, even, a Q00000000 Weyl law, which states for02  °(0),
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Microlocal Weyl law

Weyl's law gives for a compact Riemannian manifold (J; 0), where

U= [ ]( ),
00 ) Oovol(@) z; ¥ A
There exists a 0000 version of Weyl's law, which gives for 12 0%(0);
52 <z
oo 00 )= hOg;Op0gi Og = 00 g L e I
0=0 o
Or, even, a Q00000000 Weyl law, which states for02  °(0),
B2 Z
O0(0 00 )=  hOg;O0gi O 2 o@D ; |
0=0 4 H
Combined, we obtain
. 0o oo
lim ( )ZDD o(d 0O :

ra J0(0) 00
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Dixmier traces

Let H be a Hilbert space. An eigenvalue sequence of a compact
operator 0 2 O(H) is a sequence T (0; 0)gnon of the eigenvalues of O
listed with multiplicity, such that fj (0;0)jggon IS non-increasing.

The usual operator trace OO can be characterised for trace class
operators02 L, O(H) as
X
oo = ]Iim (0; 0):

11
0=1



Dixmier traces

Let H be a Hilbert space. An eigenvalue sequence of a compact
operator 0 2 O(H) is a sequence T (0; 0)gnon of the eigenvalues of O
listed with multiplicity, such that fj (0;0)jggon IS non-increasing.

The usual operator trace OO can be characterised for trace class
operators02 L, O(H) as
X
oo = ]Iim (0; 0):

11
0=1

The Dixmier trace is defined on so-called weak trace class operators
02Lyq  O(H) by

X
00, (D) = 1-lim

Skt log(2 + 0) o @:0);

where ¥ 2 “3 (N) is an extended limit. Note that Ly  Ly.q, butif
02 Ly, O0(0) = 0. "



Connes’ integral formula

Connes proved the following.

Connes’ Integral Formula
Let (O; 0) be a compact Riemannian manifold, 1 2 0%(0). Then for
any Dixmier trace OOy,
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Connes’ integral formula

Connes proved the following.

Connes’ Integral Formula

Let (O; 0) be a compact Riemannian manifold, 1 2 0%(0). Then for
any Dixmier trace OOy,
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Connes’ integral formula

Connes proved the following.

Connes’ Integral Formula

Let (O; 0) be a compact Riemannian manifold, 1 2 0%(0). Then for
any Dixmier trace OOy,

Z
00 (01 o) 3)=0p 00 g
[}
Or stronger, for0 2 9(0),
Z
00, @ o) ?)=0g o@D :
oo

Connes' result is in fact even stronger, as he does not assume a
Riemannian structure.



Comparison

Compare the microlocal Weyl law

Z
a0 ) vol(D O) ;g
with Connes’ formula 7
O0@( ) ?) =0 o(@0 :

00



Comparison

Compare the microlocal Weyl law

Z
a0 ) vol(D O) ;g
with Connes’ formula 7
00, @O ) D=0 o@D ;
0a
H.-McDonald
Let H be a separable Hilbert space, 0 2 O(H), U self-adjoint with
compact resolvent, 0 := [ . j(0). If O satisfies Weyl's law

(0;jOj) 009, then for all Dixmier traces Oy,

00, (0(1+02) %) _ o 00 ,00 o)
00, ((1+02) ?) 0o )

Here,O: ‘7 X F} is the logarithmic averaging defined by
0 0

— 1
D(D)D ~ Tog(0+2) 0=0 0 * 17



Truncated Spectral Triples

Hence, if (A;H; D) is O-dimensional and O satisfies Weyl's law, then

0o 0o )

oog & 0l )

is a reasonable approximation of the noncommutative integral
00y (01 + 0% 2).



Part 4: Quantum Ergodicity




Quantum Ergodicity

A one-particle system described by an operator 0 on 0,(00) is called
“quantum ergodic” if the high energy states of O are ‘smeared’ over
0. The field of Quantum Ergodicity studies when this is the case.

19
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